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Analysis of a simple model of the excitonic insulator shows that the ordered phase exhibits
electrical superconductivity whenever the conduction-band mass differs from the valence-
band mass. Interband scattering of electrons by the magnetic vector potential plays an essen-
tial role. States of finite electric persistent current are demonstrated explicitly. The ex-
citonic insulator is a system where diagonal versus off-diagonal long-range order is a function

of one’s bookkeeping.

I. INTRODUCTION

It is commonly believed that the excitonic insula-
tor,' a hypothetical many-particle cooperative
thermodynamic phase involving valence-band holes
and conduction-band electrons, has the electrical
properties of an insulator.? In this paper, we
show that this is not the case for a simple model;
rather the model has the electrical properties of
a superconductor. Our model consists of a single
spherical valence band (%2/2m,) (k% - k%) and a
single spherical overlapping conduction band (w%/
2m,) (R? —k%), energies being measured relative
to that of the Fermi surface k=k,. We show that
whenever m,#m,, there is superconductivity.?
Crucial to this demonstration is the inclusion of
both intvaband scattering and intevband scattering
of electrons by the magnetic vector potential. The
latter kind of scattering has not been considered
in the past.

Note that a hole at —K in an otherwise filled va-
lence band can be consistently thought of as an ex-
citation of momentum + hﬁ, mass +m,, energy
(7%/2m,) (®-k%), and electric charge +e (-e be-
ing the electronic charge). We designate by ch.,
c,, the creation and destruction operators asso-

ciated with such an excitation of momentum 7k.
(Thus c’;, removes an electron from one-electron
state —k in the valence band.) We designate by
ch+, . the creation and destruction operators
associated with an electron of momentum %k in
the conduction band.

In the absence of external electric and magnetic
fields, the Hamiltonian for the excitonic insulator
is

Hy= 2 €ro CZo Cro ‘E' ka’ctk't CZ': Cr1Cep

’
kO ky R

(1.1)
where
€po = (ﬁz/zma) (ka - k%)’ My =My, M=y .
(1.2)
Vipe is the matrix element for the attractive Cou-
lomb scattering between holes and electrons. The

ground-state wave function of the ordered phase
has the form

To=T1[(1 = n)Y 2+ 1y 2 chrcl i ] @0,

&, being the state of filled valence band and empty
conduction band. In the interest of simplicity, we

(1.3)
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make the nonessential assumption of constant V.
=V. Minimizing the expectation value of the free
energy of the system with respect to the param-
eters h,, we find

hk:%[l - (ek/Ek)] ) (1.4)
where €,=3(€,+¢€,,), (1.5)
E,=(&+ed)t/2, (1.8)

The order parameter €, obeys the BCS gap equa-
tion*

=3V E (U= fu=fu) - 1.7

Here f,, is the thermodynamic Fermi factor asso-
ciated with quasiparticle excitation (k, ¢) having
excitation energy E,,, given by

E,=E,+€,, E,=E,-%,, (1.8)
where €,=3(€, —¢€,,) . (1.9)
It will later be useful to write €, in the form
(1.10)

The destruction operators associated with the two
types of quasiparticle excitation have the form

o =(1- hk)llzck' = hi”Cfm ,

E,=ag,, a=(m,-my)/(m,+my).

(1.11)
o =1 =n)2%c_, +nk/ 2ct, .
The inverse relations are
cw=1-n )2, +n%al,,,
(1.12)

Cp = (1 - hk)l/z apy — h’la/z azkg .
II. ELECTROMAGNETIC RESPONSE

In the presence of weak perturbing electric and
magnetic fields (Coulomb gauge, with vanishing
electric potential), the perturbing Hamiltonian is

H=H+H" (2.1)
E > -
H=- (27r)3lz<§g) kza (;%) (2k+q)- A, CIM, eChyo s
s Qy g,
(2.2)

H' =-2n)%2(n/2¢) [ 2 (eg/m,)]

- -
X 27 [(M. o+ M. ) el atChagys
Rya

+(ﬁ:‘+ﬁ:-q)c-k,lck-q,’]' s (2.3)

.-
Here A, =(21)"%% [A(F) e *g% (2.4)

is the qth Fou_z'ier component of the magnetic vec-
tor potential A(¥). M, is the one-electron matrix
element of (D/7) between one-electron states k

in the valence band and X in the conduction band.
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H' represents the contribution of sntvaband scat-
tering of electrons by the vector potential to the
Hamiltonian; H’’ represents the contribution of
intevband scattering of electrons.® Making use of
the fact that q- X ¢ Vanishes, we can rewrite H’ as

H' =3(m; +m1) (2m)*/% (Tie/c)

-
XPE' Al ot Cryt +Ch s Copagyi)
' q

+3(mzt - my") (2m)% 2 (he/c)

XkE ke A {ehigechr=clyicopagid.  (2.5)
y ¢

Since momentum is odd under time reversal, we
have

-

M.,=-M, . (2.6)
This allows us to rewrite H” as

o' = Ii‘(ml-:l -m; Y) (2m)%/2 (rie/ c)

X A {[(M,+M,, )+ V¥ + Mk, )]

kyq

] (0 O P
- - - -
+[(M, + M, ) - (M¥ + M}, )]

X[C;*a.'ka."c-k-q.tck.t]}- (2.7

In both Egs. (2.5) and (2.7), we have grouped to-
gether the terms that interfere coherently in the
ordered phase. As far as H' is concerned, in
BCS terminology, the factors containing a plus
sign are type I perturbations, the factors contain-
ing a minus sign are type II perturbations. Su-
perconductivity theory has no analog of the terms
appearing in H'’. It is possible to anticipate

the results of the calculation by the following ob-
servation. In Eq. (2.5), any two coherently inter-
fering terms correspond to the particles of both
signs of charge getting the same momentum trans-
fer. In Eq. (2.7), any two coherently interfering
terms correspond to the particles of both signs of
charge getting opposite momentum transfer, in the
limit §~0. The former case leads to a vanishing
increment of electric current; the latter case to a
finite increment. This allows us to infer that the
superconductive response is associated with H”,
not with H’. ,

We define the paramagnetic current operator

Gep=— (21)"%c(6H/K ) . (2.8)
Obviously, we can write
3 aPz‘g;P"\"ﬂ;;’y

gep=-(21)2 c(6H'/5K ), (2.9)
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Jop=—(2n)"c(6H" /5K )

We get

8‘;}:—"' 4(mb +ma ) (271')-3/2 (ﬁe)
XEk(2k+q [CIW,'ck,.+ka,.C-k-q,.]

- ilmzt = m;") (2m)"%/2 (e)

XZ}k (2k+a) [C;-rq,'ck,'-crk,lc-k-q, l] ’

(2.10)

0

§ = = ilmz' —m3?) (2n)" %2 (he)

X2 k{[(l-\./lk+l\7lk+q)+(l\7[:‘+l\7lt*q)]

T t
X[Ckw,; CopytTCop-q,tCpyp ]

(M + My

+ [(I_\’/Ik+l-\7lkw) M, +M,, )]

X[epsapncla=Copogrcan ]l (2.11)

The electric current density J (r resulting from
A( T') can be broken up into a paramagnetic contri-
bution and a diamagnetic contribution. The qth
Fourier component of the diamagnetic contribu-
tion is

3 0= - (e?/c) mz +m; VA, (2.12)
n being the density of carriers of either sign. The
dth Fourier component of the paramagnetic con-
tribution is
Jqp i P+Jqp, (2.13)
where
Flp=—2 (W, -Wo) (0|85 | 3) (i | B | O),
(2.14)
Jlh=—22 (W, - Wy (0|82 | 4y (i | B | 0.
(2.15)

Here |0) is the ground state (at a given tempera-
ture) and | ) is an excited state of excitation en-
ergy (W, —Wy). In the normal phase (€,=0),

may approximate the paramagnetic contr1but10n
Jqu by the relation

Joon=-3u (2.16)

The relation is exact at §=0. At finite q, it ig-
nores the weak net diamagnetism associated with
the normal phase. In the ordered phase (€,+#0),
we are interested in

F =3 p+30p (2.17)

q

in the limit as 0. I lim J, as ¢~ 0 is finite,
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then the ordered phase is superconductive. It is
convenient to combine Eqs. (2.16) and (2. 17),

Jo=3p-Topn (2.18)

The summands of Egs. (2.14) and (2. 15) appro-
priate to the ordered phase differ from the cor-
responding summands for the normal phase only
whgn the excited state 7 is associated with points
in k space close to the Fermi surface. Thus all
slowly varying functions of the magnitude of K ap-
pearing in these summands may be replaced by
their values at the Fermi surface as long as we
use Eq. (2.18) in evaluating J for the ordered
phase.

If we define

;l;_+Z (W; —Wo) 1] (ilef vepp+cly,ic. 1,:10)] 2

(2)

+ 20 (Wy=Wor | (ilel e —clyuca, 0)] 2,

L=
(2.19)
L= + 2 (Wi = Wo)™ i |, enyo +¢licey, i [0)
%{ilel vcpr—chic.,i]0);
and
Ju) Lmyt+mt)2 (%% c)
X270, 2k+§) k- Kq)ecwaw ,
TR =10m; - m3 Y (5% c)
(2. 20)
X2 2R+ (K- &) 82, ,,
Te¥ = bmz? - m3?) (£%%/c)
XLy 2K+ (K- K) £, ,;
then we can write
S 150 0 5 1 (2.21)

Similarly, if we define
S =120 (W =Wo) Y (ilel ety ereiicsi]0)]2,
£,§f§:+2i(Wi—Wo)'1|(i]c{',cfk,,—c_ l,’ck,t[0>l2’
(2. 22)
L= 420, (Wy=Wo)t (i|e] ety rve.gich|0)
X(i[c,,,c*k,

T4 -1
JqP) = “BL(mb

—C.1,1Cr,s|0);  and

)2 (7 %e%/c) 20, £, ,
X [(M, + Mw + (Vi + M1, )]

x{ [+ M, , ) + O+ M, )]+ A, 3,
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IO my - mp )P (%% /0) Dy &) e, (2.29)
[(Mk'*'iv.lk#q) - (M:+M:+q)]
x{ [+ M, ) = (M, + My )] A,
T =1m 3 - m; 2 (%% )Ly Sihsa
X [(V1, +M,0q) (% + M5, " A,
- (VI M, ) (M + Mya ) - K T
then we can write

(2. 24)
With the aid

3;;:3:’,) +39479
Next, we need to evaluate the £'s.
of Eq. (1.12),. we get
(e eepetclyic ) =h(1£1)8,,
+{ (1 = )1 22 [y(1 = ) ]2}
x(afval, xa ;)
+{lA =Ry (1=1)]Y2% [yhy 112}

X(a;,' L) iafk,. a. 1,3) , (2. 25)

(clpetpeze ey == (1 -h)] V2(1£1)5,,
+{[r, (1 —I’lz)]ll2 [k (1 hk)]l/z}
x(a{',ak,,iafk,.a_,’g)
+{[A=1) A =1)]Y2% [hyh, 112}
x(af,al, sxa_;,0,,) . (2. 26)

From Egs. (1.4) and (1. 6), we have

{1 = k) (1 =Rp) Y27 [hyhy V212

=3+3(1=2h,) (1 -2h) F2 [h,(1 = ) 1y (1 - 1;) Y2
=3 [1+ (e, €, 7€} /EL E))], (2.27)
{1 = 1)) 22 (1 - hy) ]2}

3-3(1=-2n)(A-2R) £2 [k, (1 =R hy (1 - ;) ]2 2

=3[1- (€, 7€}/ ELE))], (2.28)
{[(1-n) (1 -hz)]1/2+ [hkhz]llz}
X4 [(1 =Ry (1 =012~ [k, 1M 2}
=3[(1-2h) +(1=2R,)]
=3(€y/Ey+€)/Ey), (2.29)
{[hk(l "hz)] 12, [ht(l _hk)]1/2}'
- [ (1=1)]Y2} {1 -np)]Y2
=— %[(1 - th) -(1- 2h,)]
= = 1(€y/By - €,/E,). (2. 30)

We therefore get

143

o8 =- %[1 _(&51:&3)] (_Mu_> _El_—,&ﬁil_—hﬂ

E,E, En+E,, (E.+E,)
(el k)
(2.31)

e@ -1y (et €\ [ feefu \_ A=fu) (1 =fp)
kol 2[ <EkEl >:|[(Ek'fEu) (Ep+Eq) :l
[ (i [ ).

(2. 32)

o (3-SR - ]

4(E3) [{;;ftE’Z'.'>’ Bifs)

(2. 33)
() P ]

(2. 34)

R R o [ Corv-m i

[ () [y ]

(2. 35)
) _ , 1fS € ftfi (1 ft)(l fu)
e —+2<EEI;+EJ;>[(E1¢;+%H> (Ekf‘*Ett) 1 ]

%(_a &) [ wl=fu) _

f}f(l —fkt)
(Eka "Eu) :]

(E T Ekv)
(2. 36)

Let 8 be the operator Wthh 1nterchanges iso-
spin indices. Obviously, J 'P and J’2 .p are invari-
ant to such an operation, provided that, at the
same tlme we interchange m, and m, and inter-
change (Mk+Mk+q) and its complex conjugate.

This means that, in the equations for Jé;’, we can
replace _.,9"” by L“” without altering the values of

Jsp and Here we are defining

L;v; 1[eM+s 2], v=1, 2 4, 5 (2.37)

and L,‘;;—i[;:‘“’ s91, v»=8, 6. (2. 38)
We get

e, e, —€2
1y - [i- (955

(&) aate)
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A 1t (L),
(2. 39)

2
€,€,+€
st (55

1- t—J <1" 3 9)}
x[(Em*“Eza >+ En+Eq

N €kel+ezg)] [(f.— .> < i )J
+4[1+< EkEl Ek'_El’ +E,,,—E,, ’

(2. 40)

(2. 41)
e o5
KE;‘:'E,{‘"> oAl te
sfi- op i) ()
(2.42)

2
€,€ +€0
g1 (55

At (5]
Al ().

(2.43)
L®_ .1l &
Ryl E,2 El

X

[Ftegte) - (legte)]

+LSL_EL,[( t= 9)__( s c):l
4Ek Ez Ek’_El' Ekl_EH

(2. 44)

d
dEk] (1 "fk! "fka)’
(2. 45)

L= %—d~ (A =fae =Fas) 5 (2. 46)

d
> df,; (fm "fk') ’ (2' 47)

2
L(4):_1_ S&z_1+_€£_z_d_ (l_f "'f)
w2 g ) E, "\E, dEk-J ww)
(2. 48)
Li=3(1/E) (L=fu =) , (2. 49)
Lip=0. (2. 50)

It is apparent that L,g';; is an even function of €,,
for all v. Note that

Lid=LA+ L& -LY . (2. 51)

We next insert these results 1nto the various
J% in order to calculate J/p and 374 in the limit
d-0. After averaging over all or1entat10ns of k
we replace the £ sums by the equivalent energy in-
tegral,

]
Le=N0) [ de,, (2. 52)

where N(0)=6n{ky)"2 (m;* +m;Y)"1. (2. 53)

The attractive Coulomb interaction - V,,.=-V

is assumed finite over the region of %2 space given
by

|| < . (2.54)

(Outside this region there is no pairing, and thus
no difference between the ordered and the normal
phases.) In the vicinity of the Fermi surface, we
assume that Mk has the form

M,=kM , (2. 55)

M being a complex number independent of k. I
performing the energy integrals, we assume the
magnitude of k can be replaced by kg . Since L,gl,?,,
L), and L) are negligibly small at |€,| =

we replace ihw by £ in integrals 1nvolv1ng these
L’s. We get

Jop hm Jqp (ne?/c) (myt+m; Y &,

x [[T L dae+a? [T L) de,

v2ef " I®de,], (2. 56)
Feb=1im J2h= (ne?/c) (m3'+m;h)a®k,
q=0

X [(M+M*)? f_"“’ LM de,

-M-M*? L‘s’ de,]. (2.57)

The expressions inside the brackets in these last
two equations can be considerably simplified.
Since

(E dE )(fu fkt) d%k (1 "fkt "fkt)
‘EE: (s = fas) (2. 58)
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it follows that

f"" LS d<k+a/°° L) de,
(N
f ((E d_E'T“>(fm fkf)

ra —d—[u e f,,.)] de,

[N

1 » d
ZEf E (fkn "fkr)d€k=0 . (2.59)

Thus, [ L de,=-a [T L3 de,. (2. 60)

Consider the identity

Ha [B) oo e

f (U -fuu-fo) o= (3) des

A () ammen e

"/ [(1%)2 3 *(%;)2 dﬂ (1= foo = Fw) des
cta ["(5) g, Un-fi e

/ Lo d€k+a/_: L&) de, . (2.61)

Thus,

1

[7 Lae=1-a [ L3 e,

=1+a?® [, LB de, . (2.62)

The expression inside the brackets of Eq. (2.56) is

therefore unity, and

Tlo=me?/c) myt+m) &K, (2.63)

is the same for both the ordered and the normal
phases. As anticipated, we see that 30’1,, the cur-
rent resulting from intvaband scattering by the
vector potential, contributes nothing to the total
30 calculated from Eq. (2.18).

Equation (1. 7) can be rewritten

hw

1=N(O)V J,, L) de, . (2. 64)
Thus, in the ordered phase,

I L de,= VOV, (2. 65)
and similarly, in the normal phase
lim L,‘f; de,=[N(O)V]-'+In(T,/T), (2.66)

€g =0 hw

where T is the temperature of the system and
T, is the ordering temperature. For the normal
phase, we have

lim /‘: L de,=1. (2.67)

€0/

We can rewrite Eq. (2.57) as

=(ne?/c) (my +m;Y) @?R [ (M + )2

+aMm* [, L) de,,
+(M+M*) (1 @?) [~ L@ de,] . (2.68)
Our final result is
30=[1—lim } Ti--k,&,, (2. 69)
€9~ 0
where we are defiping
Ko=(me?/c) (myt+myt) a®{4MM* In(T,/T)

+(M+M*)2 (1 - a?) [1—]_: L¥®ae,]}. (2.70)

Note that K,>0 if m,#m, and T<T,. This dem-
onstrates 2 superconductive response in the or-
dered phase.

III. PERSISTENT CURRENTS

The time derivative of Eq. (2. 69) implies that
we can transform the ground state of zero current
into a state of finite electric current by applying
a transient electric field. We will show that such
a state is metastable, in the sense of having a
positive quasiparticle excitation spectrum. For
simplicity we restrict the discussion to samples
whose cross-sectional dimensions are small
enough to allow the magnetic field resulting from
the persistent current to be negligibly small.

This means that the current density is uniform in
space.

Following a procedure very similar to that used
in superconductivity theory,® we minimize the
free energy F of the system subject to the con-
straint that
Jp=—Tie(m; +m;") 2 K hy(1=fy, =Fops)  (3.1)
be finite. 33 is the electric current density due
to exciton pairs in the presence of quasiparticle
excitations. In other words, although J g results
from exciton pairs, jE is modified by the presence
of excitations through the factor (1 -f, +~f.4,.).
The fotal supercurrent density can be written

3=3E+39 , (3.2)
where
_—ﬁez k(mb fk i+m f.k &) (3'3)

In addition to the constraint that J & be finite, we
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also want the constraint that the total electric
charge vanish. The exciton pairs can give rise
to no electric charge, but the quasiparticles may.
In general, the net charge of the system is

Q=-e Zk(fk,’ —f_k,t) . (3.4)

Rather than constrain @, it is easier to constrain

the current
ERE - ie(m;* +m;Y) Zki(fk,f ~fory) - (8.5)

As we shall see presently, constraining 3R to van-
ish will lead to vanishing @. Thus we define

F'=F+(i/e)R- (Tg+vTp), (3.6)

- (i/e)K and - (/e) 7K being the vector Lagrange
multiplier associated with the constraints that

3E be finite while jR vanish. Because of the sym-
metry of the problem, we can take these two
multipliers to be parallel. The ordinary free en-
ergy F is

F=2,¢[2n,( ~fagt =fars)
+ (fk,; +f-k,l) + a(fk,f “f-k,t)]
-kZ)k’ Ve Ira(1 =) Rpe(1 = 1) 1172

X (1 "fk,t "f..k,a)

XL =fpe,0=Fope,s)

+1pT2 [ Fovolnfa, o+ (1= fo, 0 In(1 = £, 0],
b (3.7)

while the additional terms in F’ are
#/e)R- (Tp+vTp)
== 27ﬂ70 ¢ E ki[hk(l —fk,t "f-k,a) +7(fk,t ".f- k,t)]'

(3.8)
Here we have defined
Vo= i0mytem; ) K . (3.9)
We shall also define
g=€,~ MKV, . (3.10)

Note that €, is a spherically symmetric function

of (K-K). since fr,0 is appreciable in size only
near the Fermi surface, we can make the replace-
ment

K- To=pp volks (3.11)

in all terms proportional to f, , . Here pg is the
Fermi momentum and i, is the cosine of the angle
between k and V-

Minimizing F’/ with respect to k,, we get

M=% [1-G(EF+T) "1/2],

where €, satisfies the gap equation

(3.12)

1)

1=1NO)V [ dp,
X(l _fk,t "f..k,c)0 (3-13)

In (3.13), the correct limits on the €, integral, -
namely, (7w —ppvolt,), have been approximated by
+7w. This leads to negligible error for all values
of v, of interest here.

Minimizing F' with respect to f, , and f_, ,, we
find that fk,, and f_ ks Are Fermi factors associated,
respectively, with energies

M g (T )y

Epr=(E2+ Q)2 4+aT,+[1+(a =~ 27)] prvo ks,
(3.14)

E,.=(€ 2red)Vi_qE,+ +[1=(a=2y)]prvo -

We now set
(3.15)

thereby ensuring that ( fr, ,+f_ r,1) iS an even func-
tion of €, and that (f, +—f.,,.) is an odd function of
€,. The oddness of (fk +=f. ) forces both Jp
and @ to vanish.

It is convenient to rewrite (3. 2) as

Y=30,

J=3,+3,, (3. 16)
where
Ti=—rem; +my )2 Khy, (3.17)

325 - ire(myt+my )20, k[ - 214) (fa, e +F-1,0)
+0(fy,e=for)] (8.18)

Since the summand of ¥, is odd in €,, we see that
J, vanishes. S1nce h, is a spherically symmetric
function of (& - K) it follows that

2 (k-K) n,=0, (3.19)
Thus
T=3,=-netm; +m;Y) LKhy=—2ne¥y . . (3.20)

Although the situation here is analogous to that
of persistent currents in a superconductor,™ 67 there
is one important difference. In the superconduc-
tor, J is a nonlinear function of ¥, which reaches
a maximum at some value of ¥, This maximum
is the critical current density. In the excitonic
insulator, J has no maximum as a function of ¥,.
Rather it appears that the critical current density
will be set by that value of ¥, for which

F({y)=F,, (3.21)

F, being the free energy of the normal phase.

Here we have formed states of finite electric cur-
rent by pairing (k- K, #) with (-K+K, ¥). It has
been suggested by Kozlov and Maksimov® that a
state of zero electric current but finite energy
transport could be formed by pairing (E+K, 4) with
(-E+K, ¥). Although this is correct, such a state
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appears to be physically inaccessible in the sense
that there is no force which can generate it when
applied to the ground state. Thus such a metastable
state will play no role in ordinary physical
phenomena.

IV. LONG-RANGE ORDER

Jérome et al.! have buttressed their argument
that the excitonic insulator cannot superconduct by
pointing out that the ordered phase does not have
off-diagonal long-vange ovder (ODLRO).® Rather,
it has diagonal long-vange ovder (DLRO). Both
types of long-range order are defined in terms of
the two-particle density matrix, the latter being the
thermodynamic average of the product

PH(E,) 91 (FD) 9(F)) 9(F) - (4.1)

We have ODLRO when the density matrix remains
finite as |F;~TF{|~, provided ¥, ~¥, and F{~Tj .
In contrast, we have DLRO when the density matrix
stays finite as |F, - ¥,| - , provided ¥;~TF{, T,
~TJ. In the above product, (%) is the conventional

one-electron wave operator, which can be written as

PE) =9 (F) + 3] (F) . (4.2

Here 9,(T) is the wave operator associated with
electrons in the conduction band; ¥,(¥) is the wave
operator associated with holes in the valence band.
In other words, ¥, is a linear combination of con-
duction-band electron destruction operators; ¥, is
a linear combination of valence-band hole destruc-
tion operators.

Let us define a slightly different form of two-
particle density matrix,'® namely, the thermody-
namic average of the product

P BIED) 9(F 0a(FD) . (4.3)

It is easy to check that, in the ordered phase, this
latter form has ODLRO rather than DLRO. The
conclusion is that diagonal versus off-diagonal long-
range order is a function of one’s bookkeeping. The
excitonic insulator is a system where Yang’s
criterion® seems ambiguous.
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